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Electrons

• We will introduce tools from quantum mechanics  describe 
electrons.

• Physical properties: position, momentum, time, and energy.

Model of electrons in conductors: Particle in a box

Particle in a box 
approximation
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Particle in a Box
• Classical system: A ball trapped inside a heavy box can move at any speed within the

box and it is no more likely to be found at one position than another.

• Quantum system: When the box becomes very narrow (on the scale of a few
nanometers), quantum effects become important. The ball may only occupy certain
positive energy levels. Likewise, it can never have zero energy, meaning that the particle
can never "sit still". Additionally, it is more likely to be found at certain positions than at
others, depending on its energy level.
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Classical Vs. Quantum

Big transistor view of an 
electron: little projectiles 
pushed around by an electric 
field

Small transistor view of an 
electron: better described as 
waves, probability clouds
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Wave Nature – Electron

Single slit experiment:

A beam of electrons propagating through a nanoscale hole 
diverged.
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Wave Nature – Electron

Double slit experiment:

Two beams of electrons propagating through two neighboring 
nanoscale holes  interference pattern.
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Double Slit Experiment

140000 electrons

40000 electrons6000 electrons

10 electrons 200 electrons
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We require a suitable mathematical description for the electron that 
can describe both its particle and wave-like properties.

Wavefunction

2 *( , ) ( , ) ( , ) ( , )P x t x t x t x t   

( , ) 1P x t dx


-
  normalized.
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Schrodinger assumed that there was some wave-like quantity
that could be related to energy and momentum …

wavefunction
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A Wave Equation for Electrons

E   p k 
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(free-particle)

(free-particle)

..The Free-Particle Schrodinger Wave Equation!
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A Wave Equation for Electrons
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• total energy = kinetic energy + potential energy

• In classical mechanics, 

• V depends on the system 
– e.g., gravitational potential energy, electric potential energy

Zero speed start

Maximum height
and zero speed

Fastest

Classical Energy Conservation

E K V 
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... The Schrodinger Wave Equation !

K.E. term P.E. termTotal E term

... In 3-D this is how it looks:

Zero speed start

Maximum height
and zero speed

Fastest

Electron
Potential
Energy

Battery

Incoming
Electron

Schrodinger Equation and Energy Conservation
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Time Independent Schrodinger Equation

( , ) ( ) ( )x t x t  

When the potential energy is constant in time:
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Dividing both sides by ( ) ( )x t 

 Two sides are equal for all values of time and position if each 
side equals a constant. 
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Solution
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Time-independent Schrodinger’s equation:
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Time-dependent Schrodinger’s equation:
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Free Particle
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Considering the time dependence:
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 The solution in free space is a plane wave.
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Infinite Square Well

0V 

( ) sinx A kx 

k is such that  = 0 at the right boundary:

kL n

To normalize the wavefunction and determine A, we integrate:
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EIGEN ENERGIES EIGEN STATES
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Infinite Square Well

PROBABILITY
DENSITIES
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• The bound states are quantized – only certain energy levels are allowed.

• The energy levels scale inversely with L2.
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( ) ( )P x x dx


