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Abstract
Diffusion tensor imaging (DTI) and diffusion kurtosis imaging (DKI) analyses of diffusion-weighted
magnetic resonance imaging (MRI) show that diffusional fractional anisotropy (FA) and kurtosis
anisotropy (KA) ofwater inside brainwhitematter decrease for schizophrenic patients from that for
healthy persons. DTI andDKI are statistical approaches and do not directly point to the underlying
neurobiological reasons. In schizophrenia, it is believed that the demyelination of axons—
microstructures that constitute the brainwhitematter—increases lateral diffusion of water and causes
defective neural communications, resulting cognitive processing-speed deficits. Here, we use a simple
but realistic neurobiologicalmodel for brainwhitematter and solve the Bloch-Torrey equation using
numerical finite-elementmethod tofind out the underlying reasons of cognitive deficits in
schizophrenia. FA andKA are calculated from computationally obtained diffusion-weightedMRI
data after a Stejskal-Tanner gradient pulse sequence is applied to a periodic array of tubular axonswith
circular cross-sections. The calculated FA andKAdecrease when the axonwalls aremore permeable to
water, agreewith the experimental findings, and correlate with the cognitive processing speeds of
healthy persons and schizophrenic patients, and thus, help to understand the underlying reasons of
cognitive processing-speed deficits in schizophrenia.

Introduction

Cognitive processes depend on the fast and efficient
information transmission between different areas in
brain. The information transmission for cognitive
processes occurs mainly through the corpus callosum,
which consists of millions of white matter fiber tracts
and connects different areas in brain [1]. Therefore,
the cognitive processing speed depends on the integ-
rity of brain white matter [2, 3], and may suffer loss if
communications between different areas in brain are
defective due to disintegrated white matter [4]. The
deficit in cognitive processing speed is identified as an
inherent and key debilitating cognitive feature asso-
ciated with schizophrenia [5–7]. Therefore, cognitive
deficits may also be seen in an attenuated form in non-
illfirst-degree relatives of schizophrenic patients [8, 9].

The neurobiological abnormalities associated with
schizophrenia are usually small and subtle, and there-
fore, difficult to identify by post-mortem investigation
[4]. Magnetic resonance imaging (MRI) is often helpful

to visualize biological structures inside human body
including different areas of brain [10]. Particularly, dif-
fusion-weighted MRI with the Stejskal-Tanner gradient
pulse sequence probes diffusion of water molecules in a
three-dimensional space, and hence, can provide infor-
mation about microscopic tissue structures [11]. Statis-
tical models—diffusion tensor imaging (DTI) and
diffusion kurtosis imaging (DKI)—are used to analyze
diffusion-weightedMRI data obtained frombrain white
matter to identify the underlying neurobiological rea-
sons of schizophrenia [12, 13]. DTI studies show that the
diffusion of water is anisotropic inside the white matter
of a healthy brain, while the anisotropy decreases sig-
nificantly inside that of a schizophrenic brain suffering
from cognitive deficits [3, 14–16]. DKI statistically fits
the diffusion-weighted MRI data with a higher-order
model than DTI when the gradient pulse sequence is
strong—the so-called b-parameter?1000 s mm−2

—so
that the diffusion characteristics can no longer be
approximated as Gaussian [17, 18]. Diffusional frac-
tional anisotropy (FA) and kurtosis anisotropy (KA)
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calculated from DKI can provide an improved measure
for themicroscopic cellular structures [17, 19]. Recently,
DKI analysis of diffusion-weighted MRI data obtained
from corpus callosum of brain has shown that there are
significant differences in FA and KA values between
healthy controls, schizophrenic patients, andnon-ill sib-
lings of schizophrenic patients, and the differences in
anisotropies are correlated with the differences in the
cognitive processing speeds measured by digit symbol
substitution test (DSST) from the same sample groups
[20].

The differences in the mean diffusional aniso-
tropies between healthy controls, schizophrenic
patients, and non-ill siblings of schizophrenic patients
obtained fromDTI and DKI analyses have been linked
to the different levels of the integrity of whitematter in
corpus callosum [20–23]. Although the statistical
approaches link the loss of cognitive processing speed
to the lack of integrity of the white matter, i.e., when
themyelin sheath around the axons fails to sufficiently
restrict the water diffusion in the lateral direction, the
diffusion-weighted MRI findings do not categorically
point to the underlying biological reasons. However, a
theoretical analysis considering a realistic biological
structure of corpus callosum that can relate the differ-
ences in FA and KA findings from healthy controls,
schizophrenic patients, and non-ill siblings of schizo-
phrenic patients to the different levels of the integrity
of white matter is lacking but would be immensely
helpful to understand the impact of neurobiology on
the cognitive processing speed.

The diffusion-weighted MRI data, and hence, the
FA and KA using DTI and DKI approaches can be cal-
culated by solving the Bloch-Torrey equation (BTE)
[24, 25]. However, BTE cannot be solved analytically
in realistic geometries without additional assump-
tions. Sukstanskii et al.used a simplified one-dimen-
sional model of brain white matter to solve BTE to
understand the restricted diffusion at the axon bound-
aries [26, 27]. While a one-dimensional model shows
importance of restricted diffusion, it is physically
apparent that the simplest geometry that can repro-
duce the expected diffusion of water in and around
axons must be two-dimensional. There has been sig-
nificant work done on biophysical modeling of diffu-
sion-weighted MRI of brain white matter [28].
Biophysical models are effectively empirical models,
based on the assumption that the white matter is com-
posed of different compartments that have different
diffusion coefficients associated with both the long-
itudinal and transverse directions of flow relative to
the axons. These models vary widely in terms of the
number of free parameters, and the parameters must
fit to the data.

Computational work to obtain exact solutions of
the BTE for realistic neurobiological geometries in the
brain appears to be in its infancy. Finite-difference
method (FDM) has been used to solve BTE to study
the diffusion-weighted MRI data [29–31]. However,

square-grid-based FDMexaggerates the size and shape
of microscopic axons. Limited studies have also been
reported based on finite-element method (FEM) [32].
However, no computational work has attempted to
apply these models to analysis of DTI or DKI experi-
ments. We believe that the development of physics-
based models that solve the BTE exactly within the
limits of computational accuracy have the potential to
transform our understanding of the microscopic pro-
cesses that underlie the observations in DTI or DKI
experiments.

In this work, we use FEM to solve BTE for a simple
but realistic geometry of white matter. The neurobio-
logical model parameters are based on their actual
values observed in post-mortem studies except the
permeability of the myelin sheath. The integrity of the
white matter for healthy controls, schizophrenic
patients, and non-ill siblings of schizophrenic patients
is included in themodel by the variation of the perme-
ability of the myelin sheath. We find that the results
obtained using this heuristic approach agree with the
experimental observations, and correlate well with the
cognitive processing speeds of healthy controls, schi-
zophrenic patients, and non-ill siblings of schizo-
phrenic patients obtained fromDSST.

Physicalmodel for brainwhitematter

Corpus callosum—the largest white matter structure
in the human brain—consists of 200–250 million
slender, long axons that conduct electrical impulses
between the left and right hemispheres of a human
brain [33]. For efficient conduction of electrical
impulses, axons are surrounded by an insulating layer
of myelin—a fatty white substance. Myelin sheath
obstructs the diffusion of watermolecules in the lateral
direction and increases the electrical resistance across
the boundary of the axons so that the saltatory
conduction of electrical impulses inside the myeli-
nated axons can be fast and efficient [34]. Therefore, in
the white matter of a healthy brain, water molecules
diffuse at a much faster rate in the longitudinal
direction of axons than in the transverse direction.
However, post-mortem studies show evidences of
disintegration in brain white matter and diffusion-
weighted MRI studies performed on brain white
matter show a decrease in FA and KA for schizophre-
nic patients. The post-mortem anddiffusion-weighted
MRI observations about a schizophrenic patient are
usually linked to the demyelination of axons [20–23].

Axon diameters vary over a range of 0.2–10 μm in
the three distinct regions of corpus callosum: Genu,
body, and splenium [35]. While large diameter axons
aremore common inmid- and posterior-body regions
of corpus callosum,∼72% of axons in genu have a dia-
meter<1 μm [35]. Among different regions of corpus
callosum, genu is principally responsible for cognitive
processing. The large diameter axons in other areas of
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corpus callosum are usually responsible for visual and
somatosensory processes [36, 37]. Post-mortem stu-
dies show an average axon diameter of ∼0.6 μm in
genu [35]. However, the estimated axon diameters in
post-mortem studies are less than actual due to the
shrinkage in the processing involved in measurement.
The axon diameters are found to shrink to ∼65% of
their actual sizes, so that a measured 0.6 μm diameter
axon actually corresponds to an axon with∼1 μmdia-
meter in vivo [35]. Axons have an average density of
∼3.717×105 axons/mm2 in genu [35], which corre-
sponds to one axon in every ∼2.7 μm2. Therefore,
when the shrinkage factor is taken into consideration,
axons have an average separation or periodicity
of∼2.5 μm.

To model the water diffusion inside corpus callo-
sum in diffusion-weightedMRI with the Stejskal-Tan-
ner gradient pulse sequence, we consider a periodic
array of tubular axons with circular cross-sections.
Figure 1 shows a cross-sectional view of a 3×3 array
of axons in the transverse plane. The dimension of
axons in the longitudinal direction is much greater
than the diffusion length of water so that the diffusion
in the longitudinal direction can be considered unrest-
ricted. The diffusion coefficient of water is same for
both inside and outside the axons. However, the diffu-
sion of water through the axon boundary is restricted
and is different for healthy controls and schizophrenic
patients depending on the integrity of the myelin
sheath. The structure, as shown in figure 1, is char-
acterized by four parameters d, l, μ, and D, where d is
the diameter of axons, l is the separation between
axons, μ is the permeability of myelin sheath around

axons, and D is the free diffusion coefficient of water
molecules.

In this work, we assume a fixed periodicity
l=2.5 μmand diffusion coefficientD=1 μm2/ms for
both intra- and extra-axonal media. We treat d as a ran-
dom variable with a probability density function (PDF).
We study the changes in anisotropies with μ for both
Gaussian and Gamma PDFs for d. While a Gaussian
PDF for d will let us easily follow the changes in aniso-
tropies with μ as d varies for a better understanding, a
Gamma PDF for d will approximate the actual distribu-
tion of d better [38].We note that treating d as a random
variable corresponds physically to allow a gradual varia-
tion in the axon diameter over the very large dimensions
of a voxel probed in diffusion-weightedMRI and also in
different persons. We also consider μ as a random vari-
able. We find out μ values heuristically for healthy con-
trols, schizophrenic patients, and non-ill siblings of
schizophrenic patients so that the calculated FA and KA
agreewith those obtained in experiments and canbe cor-
related with the processing speeds of healthy controls,
schizophrenic patients, and non-ill siblings of schizo-
phrenic patients obtained inDSST.While simple,wewill
show that this model is sufficiently complex to account
for the anisotropies observed inDKI experiments.

Theoreticalmodel

In diffusion-weighted MRI, the evolution and
dynamics of magnetization of water molecules during
excitation and relaxation are described by the phe-
nomenal Bloch-Torrey equation (BTE) given by
[24, 25]

Figure 1.Cross-sectional view of corpus callosummodel used in this workwith periodic tubular circular axons.
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where M is the local magnetization, M0 is the
equilibrium magnetization, B is the applied magnetic
field, T1 is the spin-lattice or longitudinal relaxation
time, T2 is the spin-spin or transverse relaxation time,
γ is the gyromagnetic constant for the medium, andD
is the diffusion coefficient of the medium. The term
∇·D∇M reduces to D∇2M when D is a constant.
BTE has led to the development of various pulse
sequences, which allow us to calculate the diffusivity of
water molecules in a complex microscopic scale
geometry from diffusion-weighted signals, and hence,
develop a diffusion-weightedMRI image [11, 39].

In MRI, a spin-echo is created after a 90° pulse is
applied to a pool of watermolecules precessing around
a fixed magnetic field in the z-direction. In diffusion-
weighted MRI, spin-echo signal is measured after a
gradient pulse sequence is applied so that water mole-
cules diffuse in the direction of the gradient. If a z-
directional gradient field g that varies linearly in the
transverse direction is superposed on a z-directional
uniform magnetic field B0, then the total applied
magnetic field at a position r is B=B0+g·r. Now,
neglecting the relaxation due to T1 and assuming that
the complex transversemagnetization is a vector in the
complex x-y plane, which precesses about the z-axis
with an angular velocityω0, we canwrite [24]

g
¶
¶

= - + 
S

t
i S D Sg r , 22· ( )

where S represents the amplitude of the precessing
magnetization that is not affected by spin-spin relaxa-
tion, so that w+ = - +M iM S i T texp 1x y 0 2[ ( ) ]. In
diffusion-weighted MRI, we are interested in calculat-
ing the spin-echo signal

ò=s t S t dAr, , 3
A

( ) ( ) ( )

where the integration is over the area of one voxel.
In figure 2, we show a schematic illustration of the

Stejskal-Tanner gradient pulse sequence that we used in
this work. The gradient pulse sequence is described by
three parameters—the amplitude of the gradient pulses
G, the duration of the gradient pulses δ, and the duration
between the starts of the gradient pulsesΔ. The echo sig-
nal is calculated at time tE. The strength of the gradient
pulse sequence is often described by a diffusion-sensitiz-
ing gradient coefficient gd d= D -b G 32( ) ( ). In this
work, we assume δ=47ms, Δ=54ms, and tE=
120ms for the gradient pulse sequence, similar to that
used in [20].Wehave varied b from zero to 2500 smm−2

at an interval of 250 smm−2.
We solve BTE using FEM on COMSOL Multi-

physics platform. We select physics-controlled mesh
so that COMSOL Multiphysics creates a mesh that is
adapted to the physics interface settings and the geo-
metry of the model. We choose extra fine element
sizes. In figure 3, we showmesh elements that are used
to solve BTE when the axon diameter is 0.8 and
1.6 μm.We solve only a two-dimensional structure as
the structure can be assumed invariant in the other
direction as the water diffusion is not restricted in the
vertical z-direction.

Results

In this work, we apply Stejskal-Tanner gradient pulse
sequences in the transverse and longitudinal directions
of a periodic fiber bundle as shown in figure 1, and
calculate the diffusion-weighted echo signals in the

Figure 2. Stejskal-Tanner gradient pulse sequence.
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transverse (s⊥) and longitudinal planes (sP) at time tE.
We vary the diffusion-sensitizing gradient coefficient b
and axon diameter d. We use s⊥ and sP to calculate the
radial (D⊥), axial (DP), and mean D( ¯ ) diffusion
coefficients for varying d. We also calculate the radial
(K⊥), axial (KP), and mean K( ¯ ) kurtosis coefficients.
Then we use the radial, axial, and mean diffusion and

kurtosis coefficients to calculate the diffusional FA and
KA using the approach described in the Method
section.

In figure 4, we show the ratio of diffusion-weigh-
ted signal in the transverse plane to that in the long-
itudinal plane (s⊥/sP), D̄, and K̄ as d varies. We note
that s⊥/sP presented in figure 4(a) is obtained when

Figure 3. Finite-elementmesh grids for one period of the periodic array of axonswhen the axon diameter is (a) 0.8 μmand (b) 1.6 μm.
The colors are usedmerely to show thefinite-elementmesh grids distinct.

Figure 4. (a)Ratio of diffusion-weighted signal in the transverse plane to that in the longitudinal plane (s⊥/sP) versusthe diameter of
axons for different permeabilities ofmyelin sheath. The gradient pulse sequence is appliedwith b=1500 s mm−2.Mean (b) diffusion
(D̄) and (c) kurtosis (K̄ ) coefficients at b=1500 s mm−2.
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b=1500 s mm−2, and D̄ and K̄ presented in figures
4(b) and 4(c) are calculated using s⊥ and sP values
obtained at b=1000, 1250, and 1500 s mm−2. Here,
we assume the permeability of the myelin sheath
μ=0.05, 0.10, and 0.15 μm/ms. We calculated the
diffusion-weighted signals and the diffusion coeffi-
cients over a broad range of μ including when the
myelin sheath is completely restricting, i.e., μ=0.
However, we present the results when μ=0.05, 0.10,
and 0.15 μm/ms since assuming these realistic perme-
ability values for healthy controls, non-ill siblings of
schizophrenic patients, and schizophrenic patients,
respectively, fits the calculated FA and KA well with
the FA and KA values measured in human subjects in-
vivo [20]. In figure 4, we note that s⊥/sP>1, and
s⊥/sP increases as d increases and μ decreases. In the
transverse plane, the diffusion of magnetized water
molecules is restricted by the limited permeability of
the myelin sheath, while they are relatively free in the
longitudinal direction. Therefore, the diffusion-
weighted signal decays more in the longitudinal direc-
tion than in the transverse direction due to diffusion of
water molecules in the presence of a gradient pulse
sequence. Also, the amount of restricted water mole-
cules increases as d increases. Therefore, s⊥/sP also
increases as d increases. The restricted diffusion in the
transverse plane causes D̄ to decrease as d increases.
However, as the water molecules are more restricted
when μ decreases or d increases, the diffusion char-
acteristics deviate more from a Gaussian distribution.
Therefore, we note that K̄ increases when μ decreases
or d increases. We found that with a non-permeable

myelin sheath, i.e., μ=0, although the parameters
s⊥/sP, D̄, and K̄ do not vary much compared to a
permeable membrane, i.e., μ>0, when d0.5 μm,
the parameters significantly vary when d increases. In
particular, we found »ŝ s 3 , m»D 1.38 m ms2¯ ,
and »K 3¯ with μ≈0 when d=1.8 μm. We note
that the results presented in figure 4 qualitatively
matchwith that presented in [28] calculated using bio-
physicalmodels.

In figure 5, we show the normalized PDFs for FA
and KA for healthy controls, non-ill siblings of schizo-
phrenic patients, and schizophrenic patients obtained
from finite-element simulations, where we have
assumed μ=0.05, 0.10, and 0.15 μm/ms represent
healthy controls, non-ill siblings of schizophrenic
patients, and schizophrenic patients, respectively. We
assume two cases: In one case, d has a Gaussian PDF,
and in the other case, d has a Gamma PDF. In both
cases, we note that the peak positions of PDFs for both
FA and KA have higher values for healthy controls
than that for schizophrenic patients or non-ill siblings
of schizophrenic patients. Overall, the PDFs for both
FA and KA are shifted to higher anisotropies and
become non-Gaussian or skewed toward higher values
more for healthy controls than for schizophrenic
patients or non-ill siblings of schizophrenic patients.
Similarly, the PDFs for both FA and KA are shifted to
higher anisotropies and become non-Gaussian more
for non-ill siblings of schizophrenic patients than for
schizophrenic patients.

In figure 6, we show the mean and standard devia-
tion of FA and KA for healthy controls, non-ill siblings

Figure 5.Normalized PDF of (a) FA and (b)KAwithGaussian PDF for d, and (c) FA and (d)KAwithGammaPDF for d for healthy
controls, siblings, and patients obtained fromfinite-element simulations.We assume thatμ=0.05, 0.10, and 0.15 μm/ms represent
healthy controls, non-ill siblings of schizophrenic patients, and schizophrenic patients, respectively. The legends in (a) apply for
(b)–(d) aswell.
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of schizophrenic patients, and schizophrenic patients
obtained from finite-element simulations, where we
have assumed μ=0.05, 0.10, and 0.15 μm/ms repre-
sent healthy controls, non-ill siblings of schizophrenic
patients, and schizophrenic patients, respectively. We
also show the mean and standard deviation of cogni-
tive processing speeds of healthy controls, non-ill sib-
lings of schizophrenic patients, and schizophrenic
patients measured using DSST and reported in [20].
We note that the calculated FA and KA assuming that
μ=0.05, 0.10, and 0.15 μm/ms represent healthy
controls, non-ill siblings of schizophrenic patients,
and schizophrenic patients, respectively, are corre-
lated with the cognitive processing speeds of healthy
controls, non-ill siblings of schizophrenic patients,
and schizophrenic patients, respectively, measured
usingDSST.

Discussion

This work shows that the DKI findings about the
changes in anisotropies for water diffusion and the
correlated cognitive processing speeds can be linked to
the underlying neurobiology as the change in the
permeability of the myelin sheath around a periodic
array of tubular circular axons. The FEM-based
solutions of BTE and the heuristic approach for the
permeability of the myelin sheath show that FA and
KA are greater for intact axons in brain white matter,
whereas FA and KA are smaller for disintegrated
axons. A healthy person with intact axons in brain
white matter has less water diffusion in the lateral
direction through the myelin sheath than that of a
patient suffering from cognitive deficits and non-ill
siblings of schizophrenic patients with disintegrated
axons in the brain white matter. Therefore, the mean
FA and KA of healthy persons are greater than that for
schizophrenic patients and non-ill siblings of schizo-
phrenic patients. Although the PDF of the axon
diameter has been assumed Gaussian, the calculated
PDFs of FA and KA with the distribution of axon
diameter are non-Gaussian. The non-Gaussian

behavior of PDFs of FA and KA is stronger in healthy
controls than in schizophrenic patients or non-ill
siblings of schizophrenic patients.

We find that the mean anisotropies are relatively
smaller than that found in [20]. This discrepancy is
attributed to the fact that the PDF of axon diameter is
not Gaussian rather skewed to larger diameter values
and the DKI experiments of [20] probed voxels from
outside genu, which have axons with larger diameters.
Since the anisotropies increase with the increase of
axon diameter, a non-Gaussian PDF of axon diameter
biased with larger values and voxels with axons of lar-
ger diameter will increase the mean values of aniso-
tropies. Also, the increase in anisotropy will be greater
for healthy controls than that for patients or siblings of
patients. The discrepancy can also be attributed partly
to the orientation dispersion of the axons due to their
non-parallel alignment in contrast to the parallel
orientation considered in this work. Additionally, in
reality, the axons will not be periodically packed,
rather the inter-axonal displacements will vary within
a voxel. The irregular inter-axonal displacements may
also contribute to the changes observed in FA and KA
in schizophrenia. A more complex theoretical model
that includes the irregular axonal orientation and dis-
placement parameters may relate the underlying neu-
robiology more closely with the diffusion weighted
MRI findings, and hence, also with the processing
speed deficit in schizophrenia.

Methods

The FEM-based solution of BTE gives us the diffusion-
weighted signal s, which is a function of the gradient
pulse sequence. The diffusion-weighted signal s at a
particular value of b can be given by using the Taylor
series [18, 40, 41]

= - + +s b s bD b D K O bln ln
1

6
, 40

2 2 3[ ( )] ( ) ( ) ( )

where D is the apparent diffusion coefficient, K is the
apparent diffusional kurtosis, and s0 is the diffusion-
weighted signal at b=0. In equation (4), O(b3) terms

Figure 6.Mean and standard deviation of FA, KA, and cognitive processing speed for healthy controls, siblings, and patients.Mean
and standard deviation of FA andKA are obtained fromfinite-element simulations assuming thatμ=0.05, 0.10, and 0.15 μm/ms
represent healthy controls, non-ill siblings of schizophrenic patients, and schizophrenic patients, respectively, and aGaussian PDF for
d. Processing-speed data are taken from [20].
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can be neglected for b 3000 s/mm2 and an equation
for s(b) can bewritten as

» - +s b s bD b D Kln ln
1

6
. 50

2 2[ ( )] ( ) ( )

Equation (5) can be used for DKI analysis, and the
radial, axial, and mean diffusion and kurtosis coeffi-
cients can be calculated if diffusion-weighted signals in
the radial and axial directions are known for three b
values. If diffusion-weighted signals are known for
b=b1, b2, and b3, D and K can be calculated in the
direction of the applied gradient field as [42]
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Now, FA can be calculated as

l l l
l l l

=
- + - + -
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D D D
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where λ1, λ2, and λ3 are the eigenvalues of a diffusion
tensor matrix in the three principal axes, and are
related to DP, D⊥, and D̄ as DP=λ1, D⊥=(λ1+
λ2)/2, and l l l= + +D 31 2 3¯ ( ) . KA can be calcu-
lated in a similar way given by [17]

=
- + - + -

+ +
K K K K K K

K K K
KA
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,
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2

1
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2
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2

( ¯ ) ( ¯ ) ( ¯ )

( )

where K1, K2, and K3 are the eigenvalues of kurtosis
tensor matrix in the three principal axes, and are
related to KP, K⊥, and K̄ as KP=K1, K⊥=(K1+
K2)/2, and = + +K K K K 31 2 3¯ ( ) .

To calculate the mean and standard deviation of
FA and KA due to varying μ at the axon boundary, we
assume that d has a Gaussian or Gamma PDF.
Although d in genu of corpus callosum can be
approximated by an average value of ∼1 μm, the
actual values may vary over a relatively broad range
from ∼0.2 μm to 2 μm [35]. Strictly speaking, the
PDFs of axons may not be Gaussian, rather skewed to
the larger diameter values. PDFs of FA and KA are cal-
culated by multiplying the calculated FA and KA for
varying d by theGaussian orGammaPDF of d.
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